Abstract. In this paper, we consider a q-analogue of Laplace transform and we investigate some properties of q-Laplace transform. From our investigation, we derive some interesting formulae related to q-Laplace transform.
Introduction
For q ∈ [0, 1], we define the q-Shifted factorials by (a : q) 0 = 1, (a : q) n = n−1 i=0 (1 − aq i ), and (a : q) ∞ = lim n→∞ (a : q) n = ∞ i=0 (1 − aq i ). If x is classical object, such as a complex number, its q-version is defined by [x] q = 1−q x 1−q . As is well-known, the q-exponential functions are given by For t, x, y ∈ R and n ∈ Z ≥ 0, the q-binomial theorem is also given by (x + y)
(1 + x) t q = (x : q) ∞ (q t x : q) ∞ , and
where
, (see [2, 6] ).
From (1.4), we note that By (1.6), we get Γ(s + 1) = sΓ(s), Γ(n + 1) = n!, (n ∈ N).
The Jackson q-derivative is defined by
(1 − q)x , (see [1] [2] [3] [4] [5] [6] [7] [8] ).
(1.7)
Note that lim q→1 D q f (x) = f ′ (x). The definite Jackson q-integral is given by
f (q a x) xq a , (see [3] [4] ).
(1.8)
Thus, by (1.7) and (1.8), we get
The improper q-integral of f is given by (1.11)
Let f be a function defined for t ≥ 0. Then the integral
is said to be the Laplace transform of f , provided the integral converges. In this paper, we consider a q-analogue of Laplace transform, which is called by q-Laplace transform, and we investigate some properties of q-Laplace transform. From our investigation, we derive some interesting formulae related to q-Laplace transform.
q-Laplace transforms
Now we consider two types of the q-Laplace transform. The q-Laplace transform of the first kind is defined by
Then, by (2.1), we get
where α, β are constants.
The q-extension of gamma function is defined by [2, 6] 
From (1.2), we can derive
By (2.5), we define q-cosine and q-sine function as follows:
and
where i = √ −1. From (2.1) and (2.4), we note that
We state the generalization of some of the preceding examples by mean of the next theorem. From this point on we shall also refrain from stating any restrictions on s; it is understood that s is sufficiently restricted to guarantee the convergence of the appropriate q-Laplace transform. For α ∈ R with α > −1, we have
In particular, α = n ∈ N, by (2.8), we get
Let us take α = − Then we see that 
Therefore, by (2.8)-(2.13), we obtain the following theorem.
Theorem 2.1. For α ∈ R with α > −1, we have
In particular, α = n ∈ N, we get
Moreover,
From (2.6) and (2.7), we have
Let us define hyperbolic q-cosine and hyperbolic q-sine functions as follows:
From (2.1), (2.12) and (2.16), we note that
(2.18) Therefore, by (2.14)-(2.18), we obtain the following theorem.
Thus, by (2.19), we get
Now, we dicuss the q-differential equation. The main purpose of q-Laplace transform is in converting q-differential equation into simpler form which may be solved more easily. Like the ordinary Laplace transform, we can compute the q-Laplace transform of derivative by using the definition of q-Laplace transform. Now, we oberve that
It is easy to show that 
If we replace f (t) by D q f (t), we see that
Continuing this process, we get
A function f is said to be of exponential order c if there exists c, M > 0 and
If f (t) is piecewise continuous on the interval (0, ∞) and of exponential order c, then L q (f (t)) exists for s > c. Therefore, by (2.26), we obtain the following theorem.
are continuous on (0, ∞) and are of exponential order and if f (n) (t) is piecewise continunus on (0, ∞), then we have
Let us consider the following q-derivative in s:
Therefore, by (2.29), we obtain the following theorem.
Theorem 2.4 (q-Derivative of Transforms).
For n ∈ N, we have
From Theorem 2.4, we note that
Therefore, by (2.30) and (2.31), we obtain the following corollary.
Corollary 2.5. For n ∈ N, we have
In particular, for f (t) = t n (n ∈ N), we have
For t, s > 0, the q-beta function is defined by
From (2.32), we note that
It is easy to show that
In particular, if we take f (t) = t β (β > 0), then
(2.35)
If functions f and g are piecewise continuous on (0, ∞), then a special product, denote by f * g is defined by the integral
and is called convolution of f and g. Now, we consider the q-analogue of convolution of f and g. Let f 1 (t) = t α , g(t) = t β−1 (α, β > 0). Then we define the q-convolution of f and g as follows:
where g(t − qτ ) = (t − qτ )
. From (2.37), we have
(2.38) Thus, by (2.38), we get
(2.39) By (2.8), we see that
Hence, by (2.39) and (2.40), we get
Assume that f (t) is of the type such that equation (2.41). Then we have
where g(t) = t β−1 , and
(2.44) Therefore, by (2.44), we obtain the following theorem.
Theorem 2.6. For f (t) = i a i t αi and g(t) = t β−1 , we have
By (2.45) and (2.46), we get
Note that
.
Therefore, by (2.48) and (2.49), we obtain the following corollary.
Corollary 2.7. For t ≥ 0, we have
, and
, Let u(t − a) be Heaviside function which defined by
Then, we have
(2.51) Therefore, by (2.51), we obtain the following theorem.
Theorem 2.8. Let u(t − a) be Heaviside function. Then we have
L q (u(t − a)) = 1 s E q (−qas).
q-Laplace transform of the second kind
In this section, we consider the q-Laplace transform with e q (−st) and is called q-Laplace transform of the second kind. The q-Laplace transform of the second kind is defined byF
As is well known, the q-gamma function of the second kind is defined by
Thus, by (3.2), we get
For α ∈ R with α > −1, we havẽ
In particular, for α = n ∈ N, by (3.3) and (3.4), we get
[n] q !. . Then we havẽ
In a similar way, we can give the q-Laplace transform of the second kind for e q (at) and
Therefore, by (3.4)-(3.8), we obtain the following theorem.
Theorem 3.1. For α ∈ R with α > −1, we havẽ
From (1.1), we note that
Thus, by (3.9), we get
By (3.10), we can define new q-Sine and q-Cosine function as follows:
Now, we give the q-Laplace transform of the second kind for q-Sine and q-Cosine functions: From (2.16) and (3.7), we note that
(3.14)
Therefore, by (3.13) and (3.14), we obtain the following theorem.
Theorem 3.2 (Transforms of q-cosine and q-sine).
We consider q-Laplace transforms of the second kind for the q-Cosine and q-Sine functions of the second kind. By (3.11) and (3.12), we get
(3.17) Therefore, by (3. 16) and (3.17) , we obtain the following theorem. 
Here, we compute the q-Laplace transform of derivative by using the definition of the q-Laplace transform of the second kind. It is easy to show that
∂qt . By (1.2), (3.1) and (3.18), we get
From (1.2), we note that 
∂q t , then we havẽ
. Continuing this process, we get Let us consider the following s-derivative for the q-Laplace transform of the second kind.
(−te q (−st)) f (t)d q t = −L q (tf (t)) . Therefore, by (3.26), we obtain the following theorem.
Theorem 3.5. For n ∈ N, we havẽ L q (t n f (t)) = (−1)
For example, if we take f (t) = e q (at), theñ L q (t n e q (at)) =(−1) n ∂ q ∂ q s nL q (e q (at)) = (−1) 
